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❆❜str❛❝t
❚❤✐s ✇♦r❦ ❝♦♥s✐❞❡rs ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✉♥❞❡r ❘❛✇❧s ❛♥❞ ♠❛①✐♠✐♥ ✇✐t❤ ♠✉❧✲
t✐♣❧❡ ❞✐s❝♦✉♥t ❢❛❝t♦rs ❝r✐t❡r✐❛✳ ■t ♣r♦✈❡s t❤❛t t❤♦✉❣❤ t❤❡s❡ ❝r✐t❡r✐❛ ❛r❡ ❞✐✛❡r❡♥t✱
t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ❛♥❞ s♦❧✉t✐♦♥✳
❑❡②✇♦r❞s✿ ❘❛✇❧s ❝r✐t❡r✐♦♥✱ ▼❛①✐♠✐♥ ♣r✐♥❝✐♣❧❡✱ ♠✉❧t✐♣❧❡ ❞✐s❝♦✉♥t r❛t❡s✳
❏❊▲ ❝❧❛ss✐✜❝❛t✐♦♥ ♥✉♠❜❡rs✿ ❈✻✶✱ ❉✶✶✱ ❉✾✵✳
✶ ■♥tr♦❞✉❝t✐♦♥
❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss✐❝❛❧ q✉❡st✐♦♥✿ ❣✐✈❡♥ ❛ st♦❝❦ ♦❢ ❛ r❡♥❡✇❛❜❧❡ r❡s♦✉r❝❡✱
✇❤❛t ✇♦✉❧❞ ❜❡ t❤❡ ❜❡st ✐♥t❡r✲t❡♠♣♦r❛❧ ❡①♣❧♦✐t❛t✐♦♥ ♦❢ ✐t✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✇❡❧❢❛r❡
♦❢ ❜♦t❤ ❝✉rr❡♥t ❛♥❞ ❢✉t✉r❡ ❣❡♥❡r❛t✐♦♥s❄
❚❤❡ ❢❛♠♦✉s ❘❛♠s❡② ❝r✐t❡r✐♦♥✱ ✇❤✐❝❤ ✉s❡s ❛ ❝♦♥st❛♥t ❞✐s❝♦✉♥t r❛t❡ ❛♥❞ ✐s ✉s❡❞
❧❛r❣❡❧② ✐♥ r❡s❡❛r❝❤ ✐♥t♦ ❡❝♦♥♦♠✐❝ ❞②♥❛♠✐❝s✱ ✐s ❝r✐t✐❝✐③❡❞ ❢♦r ✐ts ✇❡❛❦ ✇❡✐❣❤t✐♥❣
✯❚❤❡ ❛✉t❤♦r ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❙t❡❢❛♥♦ ❇♦s✐✱ ❢♦r ♠❛♥② ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts✳ ❍❡ ✐s ❛❧s♦ ❣r❛t❡✲
❢✉❧ t♦ t❤❡ ▲❆❇❊❳ ▼▼❊✲❉■■ ✭❆◆❘✲✶✶✲▲❇❳✲✵✵✷✸✲✵✶✮ ❢♦r s✉♣♣♦rts ❞✉r✐♥❣ t❤❡ ✇r✐t✐♥❣ ♦❢ t❤✐s
❛rt✐❝❧❡✳ ❚❤✐s ❛rt✐❝❧❡ ✐s ✜♥✐s❤❡❞ ❞✉r✐♥❣ t❤❡ ♣❡r✐♦❞ t❤❡ ❛✉t❤♦r ✇♦r❦❡❞ ❛s ❞é❧é❣✉é ✐♥ t❤❡ ❚❤❡♦✲
r❡t✐❝❛❧ ❊❝♦♥♦♠✐❝s ❚❡❛♠ ❯▼❘ ✽✺✹✺ ❛t ❈◆❘❙✱ P❛r✐s ❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝s ✭❝❛♠♣✉s ❏♦✉r❞❛♥✮✳
❍❡ ❛❝❦♥♦✇❧❡❞❣❡s t❤❡ ♠❡♠❜❡rs ♦❢ P❙❊ ❛♥❞ ❈◆❘❙ ❢♦r t❤❡ ✇❛r♠ ✇❡❧❝♦♠❡ ❛♥❞ ❡①❝❡❧❧❡♥t ✇♦r❦✐♥❣
❝♦♥❞✐t✐♦♥s✳
❸❯♥✐✈❡rs✐té P❛r✐s✲❙❛❝❧❛②✱ ❯♥✐✈ ❊✈r②✱ ❊P❊❊✱ ✾✶✵✷✺✱ ❊✈r②✲❈♦✉r❝♦✉r♦♥♥❡s✱ ❋r❛♥❝❡❀ ❚■▼❆❙✱
❚❤❛♥❣ ▲♦♥❣ ❯♥✐✈❡rs✐t②✳ ❊♠❛✐❧✿ t❤❛✐✳❤❛❤✉②❅✉♥✐✈✲❡✈r②✳❢r
✶
♣❛r❛♠❡t❡rs ❢♦r ❣❡♥❡r❛t✐♦♥s ✐♥ t❤❡ ❞✐st❛♥t ❢✉t✉r❡✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❡❛❝❤ ✉t✐❧✐t✐❡s
str❡❛♠ ✐s q✉❛s✐✲❞❡t❡r♠✐♥❡❞ ❜② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t✐♦♥s✳ ❚❤✐s r❛✐s❡s t❤❡
❝♦♥❝❡r♥s t❤❛t ❢♦❧❧♦✇✐♥❣ t❤❡ ❘❛♠s❡② ❝r✐t❡r✐♦♥✱ t❤❡ ❡❝♦♥♦♠② ❞♦❡s ♥♦t ❧❡❛✈❡ ❡♥♦✉❣❤
r❡s♦✉r❝❡ ❢♦r t❤❡ ❢✉t✉r❡ ❣❡♥❡r❛t✐♦♥✳
■♥ t❤❡ ❝❧❛ss✐❝❛❧ ✇♦r❦ ✧❚❤❡♦r② ♦❢ ❥✉st✐❝❡✧✱ ❘❛✇❧s ❬✶✼❪ ❛ss✉♠❡s t❤❛t ✐❢ ♦♥❡ ✐s ❤✐❞❞❡♥
❜❡❤✐♥❞ ❛ ✈❡✐❧ ♦❢ ✐❣♥♦r❛♥❝❡✱ ✇✐t❤ t♦t❛❧ ❧❛❝❦ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❝♦♥❞✐t✐♦♥ ✐♥t♦
✇❤✐❝❤ s❤❡✴❤❡ ✇✐❧❧ ❜❡ ❜♦r♥✱ t❤❡ ❡❝♦♥♦♠✐❝ ❛❣❡♥t s❤♦✉❧❞ ❝❤♦♦s❡ t❤❡ ♠❛①✐♠✐③❛t✐♦♥
♦❢ t❤❡ ❧❡❛st ❢❛✈♦✉r❡❞ ❣❡♥❡r❛t✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❣✐✈❡♥ ❛ ✐♥t❡r✲t❡♠♣♦r❛❧ ❝♦♥s✉♠♣t✐♦♥
str❡❛♠s✱ ❤❡r ❡✈❛❧✉❛t✐♦♥ ❝r✐t❡r✐♦♥ ♦❢ ✐♥t❡r✲t❡♠♣♦r❛❧ ✉t✐❧✐t✐❡s str❡❛♠s s❤♦✉❧❞ ❜❡
U(c0, c1, c2, . . . ) = inf
s≥0
u(cs),
✇❤❡r❡ u(ct) ✐s t❤❡ ✉t✐❧✐t② ♦❢ t❤❡ t
th ❣❡♥❡r❛t✐♦♥✱ ❣✐✈❡♥ ct ❛s t❤❡ ❝♦♥s✉♠❡❞ r❡s♦✉r❝❡✳
❲❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❘❛✇❧s✬s q✉❡st✐♦♥ ✐♥ ❛♥♦t❤❡r ✇❛②✿ t❤❡ ❡❝♦♥♦♠✐❝ ❛❣❡♥t ♠❛②
❜❡ ❛♠❜✐❣✉♦✉s ❛❜♦✉t ✇❤❛t ✐s t❤❡ ✧❣♦♦❞✧ ❞✐s❝♦✉♥t ❢❛❝t♦r t♦ ❝❤♦♦s❡ ✐♥ ❡✈❛❧✉❛t✐♥❣
✉t✐❧✐t✐❡s str❡❛♠s✳ ❍❡r s❡t ♦❢ ♣♦ss✐❜❧❡ ❞✐s❝♦✉♥t ❢❛❝t♦rs ✐s (0, 1)✳ ❍❛✈✐♥❣ t♦t❛❧ ❧❛❝❦
♦❢ ✐♥❢♦r♠❛t✐♦♥✱ ❢♦r ❛ ❣✐✈❡♥ ❝♦♥s✉♠♣t✐♦♥ str❡❛♠ {cs}
∞
s=0✱ s❤❡✴❤❡ s❤♦✉❧❞ ❡✈❛❧✉❛t❡ ✐t
❛s✶
U(c0, c1, c2, . . . ) = inf
δ∈(0,1)
[
(1− δ)
∞∑
s=0
δsu(cs)
]
.
❚❤✐s ❝r✐t❡r✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❘❛✇❧s✬s s♣✐r✐t ✐♥ t❤❡
❝♦♥✜❣✉r❛t✐♦♥ ✇❤❡r❡ ❞✐s❛❣r❡❡♠❡♥ts ❡①✐sts ❜❡t✇❡❡♥ ♣❡♦♣❧❡ ✐♥ t❤❡ ❡❝♦♥♦♠② ❛❜♦✉t
❤♦✇ t♦ ❞✐s❝♦✉♥t t❤❡ ❢✉t✉r❡✳ ❚❤❡ s♦❝✐❛❧ ♣❧❛♥❡r ❝❤♦♦s❡ ❛ ❝r✐t❡r✐♦♥ t❤❛t ♠❛①✐♠✐③❡s
t❤❡ ❧❡❛st ❢❛✈♦✉r❡❞ ♣❡rs♦♥✳
◆❛t✉r❛❧❧②✱ t❤✐s r❛✐s❡s t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❡❝♦♥♦♠② ✉♥❞❡r t❤❡ ❘❛✇❧s
❝r✐t❡r✐❛✳ ❚❤❡ ✜rst ❘❛✇❧s ❝r✐t❡r✐♦♥ ✐s ✇❡❧❧ st✉❞✐❡❞ ✐♥ t❤❡ s❡♠✐♥❛r ❝♦♥tr✐❜✉t✐♦♥s ♦❢
❆rr♦✇ ❬✷❪✱ ❙♦❧♦✇ ❬✶✺❪ ❛♥❞ ❈❛❧✈♦ ❬✹❪✳ ❚❤❡ r❡s✉❧t ✐s ❝❧❡❛r✿ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡
✶❋♦r t❤❡ ❛①✐♦♠❛t✐❝ ❢♦✉♥❞❛t✐♦♥ ❛♥❞ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ♥♦r♠❛❧✐③✐♥❣ t❡r♠
1 − δ✱ s❡❡ ❈❤❛♠❜❡rs ❛♥❞ ❊❝❤❡♥✐q✉❡ ❬✺❪ ❛♥❞ ❉r✉❣❡♦♥ ❡t ❛❧ ❬✾❪✳ ❖❜s❡r✈❡ t❤❛t ❢♦r ❛♥② 0<δ< 1✱
✇❡ ❤❛✈❡ (1− δ)
∑
∞
s=0
δs = 1✳
✷
❡❝♦♥♦♠② ❞❡♣❡♥❞s str♦♥❣❧② ♦♥ t❤❡ ✐♥✐t✐❛❧ st♦❝❦✳ ■❢ t❤❡ st♦❝❦ ♦❢ ❛ r❡♥❡✇❛❜❧❡ r❡s♦✉r❝❡
✐s ❜❡❧♦✇ t❤❡ ❣♦❧❞❡♥ r✉❧❡ ✭t❤❡ ❧❡✈❡❧ ♦❢ st♦❝❦ ❛❧❧♦✇✐♥❣ ❛ ♠❛①✐♠❛❧ ❧❡✈❡❧ ♦❢ ❝♦♥st❛♥t
❝♦♥s✉♠♣t✐♦♥✮✱ t❤❡ ♦♣t✐♠❛❧ ❡①♣❧♦✐t❛t✐♦♥ str❛t❡❣② ✐s t♦ ❡♥s✉r❡ t❤❛t t❤❡ st♦❝❦ r❡♠❛✐♥s
❝♦♥st❛♥t ♦✈❡r t✐♠❡✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛❜✉♥❞❛♥t st♦❝❦ ♦❢ ❛ r❡♥❡✇❛❜❧❡ r❡s♦✉r❝❡✱ ✇❤✐❝❤
✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ❣♦❧❞❡♥ r✉❧❡✱ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ s♦❧✉t✐♦♥s ❛♥❞ ❡✈❡r②
♦♣t✐♠❛❧ ♣❛t❤ ❝♦♥✈❡r❣❡s ❞❡❝r❡❛s✐♥❣❧② t♦ t❤✐s ❧❡✈❡❧✳
❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ st✉❞② t❤❡ s❛♠❡ q✉❡st✐♦♥ ✉♥❞❡r t❤❡ s❡❝♦♥❞ ❘❛✇❧s
❝r✐t❡r✐♦♥✳ ❲❡ ♣r♦✈❡ t❤❛t ❢♦r ❛ ❧♦✇ ❧❡✈❡❧ ♦❢ r❡s♦✉r❝❡ st♦❝❦ ✭✉♥❞❡r t❤❡ ❣♦❧❞❡♥ r✉❧❡✮✱
t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐s t♦ ❦❡❡♣ t❤❡ st♦❝❦ ❝♦♥st❛♥t t❤r♦✉❣❤ t✐♠❡✳ ▼♦r❡♦✈❡r✱ t❤❡
s♦❧✉t✐♦♥s ✉♥❞❡r t❤❡ t✇♦ ❝r✐t❡r✐❛ ❝♦✐♥❝✐❞❡✳ ❋♦r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ r❡s♦✉r❝❡ ✐s ❛❜✉♥✲
❞❛♥t✱ t❤❡ s♦❧✉t✐♦♥ ✉♥❞❡r t❤❡ ✜rst ❝r✐t❡r✐♦♥ ✐s t❤❡ ♦♥❡ ✉♥❞❡r t❤❡ s❡❝♦♥❞✱ ❛♥❞ t❤❡
✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❛r❡ ❡q✉❛❧✳
❚❤✐s ✇♦r❦ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ✐♥tr♦❞✉❝❡s t❤❡ t✇♦ ❘❛✇❧s✐❛♥ ♣r♦❜❧❡♠s
❛♥❞ t❤❡ ♠❛✐♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✜rst ♦♥❡ ❛♥❞ s♦❧✈❡s t❤❡ s❡❝♦♥❞ ♦♥❡✳ ❙❡❝t✐♦♥ ✸
❞✐s❝✉ss❡s ❞✐✛❡r❡♥t ❝r✐t❡r✐❛ st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳
✷ ❚❤❡ t✇♦ ❘❛✇❧s✐❛♥ ❝r✐t❡r✐❛
✷✳✶ ❋✉♥❞❛♠❡♥t❛❧s
❉❡♥♦t❡ ❜② u t❤❡ ✐♥st❛♥t❛♥❡♦✉s ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❛♥❞ f t❤❡ r❡❣❡♥❡r❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ r❡♥❡✇❛❜❧❡ r❡s♦✉r❝❡✳ ❚❤❡s❡ t✇♦ ❢✉♥❝t✐♦♥s ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣
❛♥❞ ❝♦♥❝❛✈❡✳ ❆ss✉♠❡ ❢✉rt❤❡r t❤❛t t❤❡ ❝♦♥❝❛✈✐t② ♦❢ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✐s str✐❝t ❛♥❞
f ′(0)> 1
δ
❛♥❞ f ′(∞)< 1✳
▲❡t xs ❜❡ t❤❡ st♦❝❦ ❛t t✐♠❡ s✱ t❤❡ ❛❣❡♥t ❞✐✈✐❞❡s t❤❡ ♣r♦❞✉❝t✐♦♥ f(xs) ✐♥t♦ t✇♦
♣❛rts✿ t❤❡ ❝♦♥s✉♠♣t✐♦♥s cs ❛♥❞ t❤❡ ✐♥✈❡st♠❡♥t ❢♦r t♦♠♦rr♦✇✱ xs+1✳ ❋♦r ❛♥② ❞❛t❡
s✱ ✇❡ ❤❛✈❡ cs + xs+1 ≤ f(xs)✳
❋♦r ❛♥② ❣✐✈❡♥ ❝❛♣✐t❛❧ st♦❝❦ x0 ≥ 0✱ ❞❡♥♦t❡ ❜② Π(x0) t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ ♣❛t❤s ♦❢
st♦❝❦ {xs}
∞
s=0✿ ❢♦r ❛♥② s✱ 0 ≤ xs+1 ≤ f(xs)✳
✸
❉❡♥♦t❡ ❜② x t❤❡ ❣♦❧❞❡♥ r✉❧❡✱ t❤❡ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠❛①✲
✐♠✉♠ ❧❡✈❡❧ ♦❢ ❝♦♥st❛♥t ❝♦♥s✉♠♣t✐♦♥✷✿ x = argmax
(
f(x) − x
)
✳ ❇② t❤❡ ❝♦♥❝❛✈✐t②
♦❢ f ✱ t❤✐s ✈❛❧✉❡ x ✐s s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥ f ′(x) = 1✳
❚❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❧✐t❡r❛t✉r❡✱ ❝✉❧♠✐♥❛t✐♥❣ ✐♥ ❙t♦❦❡② ❛♥❞ ▲✉❝❛s ✭✇✐t❤
Pr❡s❝♦tt✮ ❬✶✻❪ ❝♦♥s✐❞❡rs t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✳ ❋♦r ❣✐✈❡♥ x0 ≥ 0 ❛♥❞ ❞✐s❝♦✉♥t
❢❛❝t♦r 0 < δ < 1✱ t❤❡ ❛❣❡♥t s♦❧✈❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❣r❛♠✱ ✇❡❧❧✲❦♥♦✇♥ ✉♥❞❡r t❤❡
♥❛♠❡ t❤❡ ❘❛♠s❡② ♣r♦❜❧❡♠✿
v(x0) = max
Π(x0)
[
(1− δ)
∞∑
s=0
δs(cs)
]
,
s✳t 0 ≤ cs + xs+1 ≤ f(xs), ❢♦r ❛❧❧ s ≥ 0.
■t ✐s ✇❡❧❧✲❦♥♦✇♥ ✐♥ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❧✐t❡r❛t✉r❡✸ t❤❛t✱ ✉♥❞❡r s✉✐t❛❜❧❡ ❝♦♥❞✐✲
t✐♦♥s✱ s✉❝❤ ❛s t❤❡ ❝♦♥❝❛✈✐t② ♦❢ ❢✉♥❝t✐♦♥s u ❛♥❞ f ✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ v ✐s s♦❧✉t✐♦♥
t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥✿
v(x) = max
0≤y≤f(x)
[u(f(x)− y) + δv(y)] ,
❢♦r ❡✈❡r② x ≥ 0✳
❯♥❞❡r t❤❡ str✐❝t ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ r❡❣❡♥❡r❛t✐♦♥ ❢✉♥❝t✐♦♥✱
t❤❡r❡ ❡①✐sts ✉♥✐q✉❡ ♦♣t✐♠❛❧ ♣❛t❤ {xs}
∞
s=0✱ s❛t✐s❢②✐♥❣
v(xs) = u(f(xs)− xs+1) + δv(xs+1),
❢♦r ❡✈❡r② s ≥ 0✳
❚❤❡ ♦♣t✐♠❛❧ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ♣❛t❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ δ ✐s ♠♦♥♦t♦♥✐❝ ❛♥❞ ❝♦♥✲
✈❡r❣❡s t♦ xδ✱ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥ f ′(x) = 1
δ
✳
❆s t❤❡ ❢✉♥❝t✐♦♥s u ❛♥❞ f s❛t✐s❢② t❤❡ st❛♥❞❛r❞ ❝♦♥❞✐t✐♦♥s ✐♥ ❣r♦✇t❤ t❤❡♦r②✱ ❢♦r
❡❛❝❤ ❞✐s❝♦✉♥t ❢❛❝t♦r δ✱ t❤❡ ♦♣t✐♠❛❧ ♣❛t❤ ♦❢ t❤❡ ❘❛♠s❡② ♣r♦❜❧❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
✷❚❤❡ ❝♦♥st❛♥t s❡q✉❡♥❝❡ (x, x, . . . ) ❣❡♥❡r❛t❡s ❛ ❝♦♥st❛♥t s❡q✉❡♥❝❡ ♦❢ ❝♦♥s✉♠♣t✐♦♥ (c, c, . . . )✱
✇❤❡r❡ c = f(x)− x✳
✸❙❡❡ ❙t♦❦❡② ❛♥❞ ▲✉❝❛s ✭✇✐t❤ Pr❡s❝♦tt✮ ❬✶✻❪✱ ❝❤❛♣t❡r ✹✳
✹
δ ❝♦♥✈❡r❣❡s ♠♦♥♦t♦♥✐❝❛❧❧② t♦ xδ t❤❡ s♦❧✉t✐♦♥ t♦
f ′(x) =
1
δ
.
▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ✈❡r✐❢② t❤❛t
lim
δ→0
xδ = 0,
lim
δ→1
xδ = x.
❲❡ ✇✐❧❧ ✉s❡ t❤❡s❡ ♣r♦♣❡rt✐❡s ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳
✷✳✷ ❚❤❡ ❝❧❛ss✐❝❛❧ ❘❛✇❧s ❝r✐t❡r✐♦♥
❚❤❡ ❢❛♠♦✉s ❘❛✇❧s ❝r✐t❡r✐♦♥✱ ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ♦♣t✐♠❛❧ ❣r♦✇t❤ ❝♦♥t❡①t✱ ❝❛♥ ❜❡
❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡ ❡❝♦♥♦♠✐❝ ❛❣❡♥t s♦❧✈❡s✿
max
[
inf
s≥0
u(cs)
]
,
✉♥❞❡r t❤❡ ❝♦♥str❛✐♥t ct + xs+1 ≤ f(xs) ❢♦r ❛❧❧ s✱ ✇✐t❤ x0 > 0 ❣✐✈❡♥✳
❋♦r ❡❛❝❤ ❢❡❛s✐❜❧❡ st♦❝❦ ♣❛t❤ ① = {xs}
∞
s=0✱ t❤❡ ✐♥t❡r✲t❡♠♣♦r❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥s✉♠♣t✐♦♥ ♣❛t❤ {cs}
∞
s=0 ✇✐t❤ cs = f(xs)− xs+1 ❢♦r ❛♥② s ≥ 0✱ ✐s
❣✐✈❡♥ ❛s
ν(①) = inf
s≥0
u(cs).
❚❤✐s ♣r♦❜❧❡♠ ✐s ✇❡❧❧ st✉❞✐❡❞ ✐♥ ❆rr♦✇ ❬✷❪✱ ❙♦❧♦✇ ❬✶✺❪ ❛♥❞ ❈❛❧✈♦ ❬✹❪ ✇❤♦s❡ r❡s✉❧ts
❝❛♥ ❜❡ r❡s✉♠❡❞ ✐♥ ▲❡♠♠❛ ✷✳✶ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳
▲❡♠♠❛ ✷✳✶ s❡ts ❢♦rt❤ t❤❡ ❢♦✉♥❞❛t✐♦♥ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❛♥❞
❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳
▲❡♠♠❛ ✷✳✶✳ ✐✮ ❋♦r ❛♥② x0 ≥ 0✱ t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ ♣❛t❤s Π(x0) ✐s ❝♦♠♣❛❝t ✐♥
♣r♦❞✉❝t t♦♣♦❧♦❣②✳
✺
✐✐✮ ❱❛❧✉❡ ❢✉♥❝t✐♦♥ ν ✐s ✉♣♣❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦❞✉❝t t♦♣♦❧♦❣②✳
✐✐✐✮ ❚❤❡r❡ ❡①✐sts ①∗ ∈ Π(x0) s✉❝❤ t❤❛t
ν
(
①
∗
)
= max
①∈Π(x0)
ν
(
①
)
.
Pr♦♣♦s✐t✐♦♥ ✷✳✶ ❣✐✈❡s t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣❛t❤✱ ✇❤✐❝❤ ❞❡♣❡♥❞s str♦♥❣❧②
♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ ✇✐t❤ t❤❡ ❣♦❧❞❡♥ r✉❧❡ x ❛s t❤❡ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞✳
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ✐✮ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡ 0 ≤ x0 ≤ x✳ ❚❤❡ ♣r♦❜❧❡♠ ❤❛s ✉♥✐q✉❡
s♦❧✉t✐♦♥ ①∗ = (x0, x0, . . .) ❛♥❞
max
①∈Π(x0)
ν(①) = ν(①∗)
= u (f(x0)− x0) .
✐✐✮ ❈♦♥s✐❞❡r x0>x✳ ❚❤❡ ♣r♦❜❧❡♠ ❤❛s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ s♦❧✉t✐♦♥s ✇❤✐❝❤ ❛❧❧
❝♦♥✈❡r❣❡ t♦ x✳ ❆♥❞
max
①∈Π(x0)
ν(①) = u (f(x)− x) .
❋♦r ✐♥✐t✐❛❧ ❝❛♣✐t❛❧ st♦❝❦ x0 s♠❛❧❧❡r t❤❛♥ x✱ t❤❡ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ✐s t♦ r❡♠❛✐♥ ✐♥ t❤❡
st❛t✉s q✉♦✳ ❚❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ①∗ s❛t✐s✜❡s x∗s = x0 ❢♦r ❛♥② s ≥ 0✳ ❚❤❡ ♦♣t✐♠❛❧
✈❛❧✉❡ ✐s u (f(x0)− x0)✳ ❋♦r x0 ❜✐❣❣❡r t❤❛♥ x✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r
♦❢ s♦❧✉t✐♦♥✱ ❡✈❡r② ♦♣t✐♠❛❧ st♦❝❦ ♣❛t❤ ❝♦♥✈❡r❣❡s t♦ x ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ✐s
u (f(x)− x)✳
✻
✷✳✸ ❚❤❡ s❡❝♦♥❞ ❘❛✇❧s✐❛♥ ❝r✐t❡r✐♦♥ ❛♥❞ t❤❡ ❡q✉✐✈❛❧❡♥❝❡
❜❡t✇❡❡♥ t❤❡ t✇♦ ❝r✐t❡r✐❛
❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ t❤❡ s❡❝♦♥❞ ❘❛❧✇s ❝r✐t❡r✐♦♥✳ ❋♦r ❡❛❝❤ ❢❡❛s✐❜❧❡
st♦❝❦ ♣❛t❤ ① = {xs}
∞
s=0✱ ❧❡t
νˆ(①) = inf
δ∈(0,1)
[
(1− δ)
∞∑
s=0
δsu(cs)
]
.
■♥ ❬✾❪✱ ❉r✉❣❡♦♥ ❡t ❛❧ ❝♦♥s✐❞❡r t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ♠✉❧t✐♣❧❡ ❞✐s❝♦✉♥t
❢❛❝t♦rs ✉♥❞❡r t❤❡ ♠❛①✐♠✐♥ ❝r✐t❡r✐❛✹✳ ▲❡t D = [δ, δ] r❡♣r❡s❡♥t t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡
❞✐s❝♦✉♥t ❢❛❝t♦rs✱ t❤❡ ❡❝♦♥♦♠✐❝ ❛❣❡♥t s♦❧✈❡s✿
maxmin
δ∈D
[
(1− δ)
∞∑
s=0
δsu(cs)
]
s✳❝ cs + xs+1 ≤ f(xs) ❢♦r ❛♥② s,
x0 ✐s ❣✐✈❡♥✳
❇② t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t✐❡s r❡❧②✐♥❣ ✇✐t❤ t❤❡ ✜①❡❞ ♣♦✐♥t ❛r❣✉♠❡♥ts✱ ❉r✉❣❡♦♥ ❡t ❛❧ ❬✾❪
❛ss✉♠❡ t❤❛t D ✐s ❛ ❝❧♦s❡❞ s❡t ❜❡❧♦♥❣✐♥❣ t♦ (0, 1)✿ 0<δ ≤ δ < 1✳ Pr♦♣♦s✐t✐♦♥ ✷✳✷✱
♣r♦✈❡♥ ✐♥ ❉r✉❣❡♦♥ ❡t ❛❧ ❬✾❪✱ ❣✐✈❡s ❛ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣❛t❤ ✉♥❞❡r
t❤❡ ♠❛①✐♠✐♥ ❝r✐t❡r✐❛ ✇✐t❤ ♠✉❧t✐♣❧❡ ❞✐s❝♦✉♥t ❢❛❝t♦rs✳
Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ❆ss✉♠❡ t❤❛t 0<δ ≤ δ < 1✳ ▲❡t χ∗ ❞❡♥♦t❡ t❤❡ ✉♥✐q✉❡ ♦♣t✐♠❛❧
♣❛t❤ ❢♦r t❤❡ ♠❛①✐♠✐♥ ♣r♦❜❧❡♠✳
✐✮ ❋♦r x0 ≤ x
δ✱ χ∗ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♦♣t✐♠❛❧ ♣❛t❤ ♦❢ t❤❡ ❘❛♠s❡② ♣r♦❜❧❡♠ ✇✐t❤
❞✐s❝♦✉♥t ❢❛❝t♦r δ✱ ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥✈❡r❣❡s t♦ xδ✳
✐✐✮ ❋♦r xδ ≤ x0 ≤ x
δ✱ ❢♦r ❛♥② s✱ x∗s = x0✳ ❚❤❡ ♦♣t✐♠❛❧ ♣❛t❤ χ
∗ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡
♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ ❘❛♠s❡② ♣r♦❜❧❡♠ ✇✐t❤ ❞✐s❝♦✉♥t ❢❛❝t♦r δ s❛t✐s❢②✐♥❣ xδ = x0✳
✐✐✐✮ ❋♦r x0 ≥ x
δ✱ χ∗ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♦♣t✐♠❛❧ ♣❛t❤ ♦❢ t❤❡ ❘❛♠s❡② ♣r♦❜❧❡♠ ✇✐t❤
✹❚❤❡ ❛①✐♦♠❛t✐❝ ❢♦✉♥❞❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ✇♦r❦ ♦❢ ❈❤❛♠❜❡rs ❛♥❞ ❊❝❤❡♥✐q✉❡ ❬✺❪✳
✼
❞✐s❝♦✉♥t ❢❛❝t♦r δ✱ ✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥✈❡r❣❡s t♦ xδ✳
Pr♦♣♦s✐t✐♦♥ ✷✳✷ ♣r♦✈✐❞❡s ✉s ❛♥ ✐❧❧✉str❛t✐♦♥ ❤♦✇ ♦♣t✐♠❛❧ ♣❛t❤s ❞❡♣❡♥❞ ✐♥ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥ ✉♥❞❡r t❤❡ t❤❡ ♠❛①✐♠✐♥ ❝r✐t❡r✐♦♥✳
◆❛t✉r❛❧❧②✱ ✉♥❞❡r t❤❡ r❡s✉❧t ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✷ ✇❡ ❝❛♥ ❣✉❡ss t❤❛t ❢♦r D= (0, 1)✭t❤❡
✉♥❞❡r ❜♦✉♥❞ δ ❝♦♥✈❡r❣❡s t♦ ③❡r♦✱ ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞ δ ❝♦♥✈❡r❣❡s t♦ ✶✮✱ t❤❡ t✇♦
❘❛❧✇s✐❛♥ ♣r♦❜❧❡♠s ❤❛✈❡ t❤❡ s❛♠❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✿ ✇❡ ❤♦♣❡ t♦ ❣❡t
max
①∈Π(x0)
ν(①) = max
①∈Π(x0)
νˆ(①).
Pr♦♣♦s✐t✐♦♥s ✷✳✸ ❝♦♥✜r♠s t❤✐s ❝♦♥❥❡❝t✉r❡✱ ❛♥❞ r❡♣r❡s❡♥ts t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s
❛rt✐❝❧❡✳
Pr♦♣♦s✐t✐♦♥ ✷✳✸✳ ❋♦r ❛♥② x0 ≥ 0✱ ✇❡ ❤❛✈❡
max
χ∈Π(x0)
inf
s≥0
u
(
f(xs)− xs+1
)
= max
χ∈Π(x0)
[
inf
δ∈(0,1)
(1− δ)
∞∑
s=0
u
(
f(xs)− xs+1
)]
.
Pr♦♦❢✳ ❚♦ ❢❛❝✐❧✐t❛t❡ t❤❡ ❡①♣♦s✐t✐♦♥✱ ❢♦r ❡❛❝❤ 0<δ < 1✱ ❞❡♥♦t❡ ❜② {xs(δ)}
∞
s=0 t❤❡
♦♣t✐♠❛❧ ♣❛t❤ ♦❢ ❘❛♠s❡② ♣r♦❜❧❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r δ✳
❖❜s❡r✈❡ t❤❛t ❢♦r ❛♥② ❢❡❛s✐❜❧❡ ♣❛t❤ ♦❢ st♦❝❦ {xs}
∞
s=0 ❜❡❧♦♥❣✐♥❣ t♦ Π(x0)✿
inf
s≥0
u
(
f(xs)− xs+1
)
≤ inf
δ∈(0,1)
[
(1− δ)
∞∑
s=0
δsu
(
f(xs)− xs+1
)]
.
❚❤✐s ✐♠♣❧✐❡s
max
χ∈Π(x0)
min
s≥0
u
(
f(xs)− xs+1
)
≤ max
χ∈Π(x0)
[
inf
δ∈(0,1)
(1− δ)
∞∑
s=0
δsu
(
f(xs)− xs+1
)]
.
◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❝♦♥✈❡rs❡ ✐♥❡q✉❛❧✐t②✳
❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ 0<x0<x✳ ❋✐① 0<δ < δ < 1 s✉❝❤ t❤❛t x
δ <x0<x
δ✳
❉❡✜♥❡ χ∗ = (x0, x0, . . . )✱ ✇❤✐❝❤ ✐s t❤❡ ✉♥✐q✉❡ ♦♣t✐♠❛❧ ♣❛t❤ ❢♦r t❤❡ ♠❛①✐♠✐♥ ❝r✐✲
t❡r✐♦♥ ✇✐t❤ t❤❡ s❡t ♦❢ ❞✐s❝♦✉♥t r❛t❡s D = [δ, δ]✳ ❋♦r ❛♥② ❢❡❛s✐❜❧❡ ♣❛t❤ χ 6= χ∗✱
✽
❢♦❧❧♦✇✐♥❣ ❉r✉❣❡♦♥ ❡t ❛❧ ❬✾❪✱ ✇❡ ❤❛✈❡
inf
δ∈(0,1)
[
(1− δ)
∞∑
s=0
u
(
f(xs)− xs+1
)]
≤ inf
δ≤δ≤δ
[
(1− δ)
∞∑
s=0
u
(
f(xs)− xs+1
)]
< inf
δ≤δ≤δ
[
(1− δ)
∞∑
s=0
u
(
f(x∗s)− x
∗
s+1
)]
= u
(
f(x0)− x0
)
= max
χ∈Π(x0)
[
inf
s≥0
u
(
f(xs)− xs+1
)]
.
❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ t✇♦ ❘❛✇❧s✐❛♥ ♣r♦❜❧❡♠s ❤❛✈❡ t❤❡ s❛♠❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ❛♥❞
✉♥✐q✉❡ s♦❧✉t✐♦♥ χ∗✳
◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ x0 > x✳ ❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s t❤❛t ❢♦r ❛♥② δ✱ t❤❡ s❡q✉❡♥❝❡
{xs(δ)}
∞
s=0 ❝♦♥✈❡r❣❡s t♦ x
δ ✇✐t❤ ❛ s♣❡❡❞ t❤❛t ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t
✇✐t❤ t❤❡ ❝❤♦✐❝❡ ♦❢ δ✳
❲❡ ♣r♦✈❡ t❤❛t ❢♦r ❛♥② ǫ > 0✱ t❤❡r❡ ❡①✐sts T (ǫ) s✉❝❤ t❤❛t ❢♦r ❛♥② T ≥ T (ǫ)✱ ❛♥②
0 < δ < 1✱ ✇❡ ❤❛✈❡
xδ < xT (δ)<x+ ǫ.
❋♦r ❡❛❝❤ 0<δ < 1✱ ❝♦♥s✐❞❡r ❛ t✐♠❡ s s❛t✐s❢②✐♥❣ x0 ≥ x1(δ) ≥ · · · ≥ xs+1(δ) ≥ x+ ǫ✳
❖❜s❡r✈❡ t❤❛t f ′(x+ ǫ) < 1✳ ▲❡t f ′(x+ ǫ) = 1− ǫ1✱ ✇✐t❤ ǫ1> 0✳
❇② ❊✉❧❡r ❡q✉❛t✐♦♥s✱ ✇❡ ❤❛✈❡
u′
(
f(xs(δ))− xs+1(δ)
)
= δu′
(
f(xs+1(δ))− xs+2(δ)
)
f ′(xs+1(δ))
≤ u′
(
f(xs+1(δ))− xs+2(δ)
)
f ′(xs+1(δ))
≤ u′
(
f(xs+1(δ))− xs+2(δ)
)
f ′(x+ ǫ)
≤ u′
(
f(xs+1(δ))− xs+2(δ)
)
− ǫ1u
′
(
f(xs+1(δ))− xs+2(δ)
)
≤ u′
(
f(xs+1(δ))− xs+2(δ)
)
− ǫ2,
❢♦r ǫ2 = ǫ1u
′
(
f(x0)
)
✱ s✐♥❝❡ f(x0) ≥ f(xs+1(δ))−xs+2(δ)✳ ❖❜s❡r✈❡ t❤❛t ǫ2 ❞♦❡s ♥♦t
✾
❞❡♣❡♥❞ ♦♥ δ✳
❲❡ t❤❡♥ ❞❡❞✉❝❡
ǫ2 ≤ u
′
(
f(xs+1(δ))− xs+2(δ)
)
− u′
(
f(xs(δ))− xs+1(δ)
)
= u′′(ξ)
[(
f(xs+1(δ))− xs+2(δ)
)
−
(
f(xs(δ))− xs+1(δ)
)]
= (−u′′(ξ))
[(
f(xs(δ))− xs+1(δ)
)
−
(
f(xs+1(δ))− xs+2(δ)
)]
,
✇✐t❤ s♦♠❡ f(xs+1(δ))− xs+2(δ) ≤ ξ ≤ f(xs(δ))− xs+1(δ)✳ ❚❤✐s ✐♠♣❧✐❡s
xs+1(δ)− xs+2(δ) ≤ f(xs(δ))− f(xs+1(δ))−
ǫ2
−u′′(ξ)
.
❆s xs+1(δ) ≥ x+ ǫ✱ ✐t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t
f(x)− x ≤ f(xs+1(δ))− xs+2(δ)
≤ ξ
≤ f(xs(δ))− xs+1(δ)
≤ f(x0).
▲❡t
a = sup
f(x)−x≤ξ≤f(x0)
(−u′′(ξ)),
❛♥❞
ǫ3 =
ǫ2
a
.
❚❤❡ ✈❛❧✉❡ ǫ3 ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❛♥❞ ✐s ✐♥❞❡♣❡♥❞❡♥t ✇✐t❤ r❡s♣❡❝t t♦ δ✳ ▼♦r❡♦✈❡r✱
xs+1(δ)− xs+2(δ) ≤ f(xs(δ))− f(xs+1(δ))− ǫ3
≤ f ′(xs+1(δ))(xs(δ)− xs+1(δ))− ǫ3
≤ xs(δ)− xs+1(δ)− ǫ3.
✶✵
❍❡♥❝❡ ❢♦r T (ǫ) ❜✐❣ ❡♥♦✉❣❤ s✉❝❤ t❤❛t x0 − T (ǫ)ǫ3 < 0✱ ✇❡ ❤❛✈❡ xT (δ) < x + ǫ ❢♦r
❛♥② T ≥ T (ǫ) ❛♥❞ ❢♦r ❛♥② 0<δ < 1✳ ❖t❤❡r✇✐s❡ ✇❡ ✇✐❧❧ ❤❛✈❡ xT (δ)− xT+1(δ) ≤ 0
❢♦r s♦♠❡ T ≥ T (ǫ)✿ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✺✳
❇② t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ T (ǫ) ✐♥ r❡s♣❡❝t t♦ δ✱ ❝♦♠❜✐♥✐♥❣ ✇✐t❤ r❡s✉❧t t❤❛t ❢♦r s ≥
T (ǫ)✱ ✇❡ ❤❛✈❡ xδ ≤ xs(δ) ≤ x+ ǫ✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②✿
lim
δ→1
[
(1− δ)
∞∑
s=0
δsu
(
f(xs(δ))− xs+1(δ)
)]
= lim
δ→1

(1− δ) T (ǫ)∑
s=0
δsu
(
f(xs(δ))− xs+1(δ)
)
+ lim
δ→1

δT (ǫ)+1(1− δ) ∞∑
s=T (ǫ)+1
δs−T (ǫ)−1u
(
f(xs(δ))− xs+1(δ)
)
= lim
δ→1

δT (ǫ)+1(1− δ) ∞∑
s=T (ǫ)+1
δs−T (ǫ)−1u
(
f(xs(δ))− xs+1(δ)
)
≤ lim
δ→1
u
(
f(x+ ǫ)− xδ
)
= u
(
f(x+ ǫ)− x
)
.
❋♦r ❛♥② ❢❡❛s✐❜❧❡ ♣❛t❤ χ ∈ Π(x0)✱
inf
δ∈(0,1)
[
(1− δ)
∞∑
s=0
δsu
(
f(xs)− xs+1
)]
≤ inf
δ∈(0,1)
[
(1− δ)
∞∑
s=0
δsu
(
f(xs(δ))− xs+1(δ)
)]
≤ lim
δ→1
[
(1− δ)
∞∑
s=0
δsu
(
f(xs(δ))− xs+1(δ)
)]
≤ u
(
f(x+ ǫ)− x
)
.
❙✐♥❝❡ ǫ > 0 ✐s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✱ t❤✐s ✐♠♣❧✐❡s
inf
δ∈(0,1)
[
(1− δ)
∞∑
s=0
δsu
(
f(xs)− xs+1
)]
≤ u
(
f(x)− x
)
.
✺■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ❘❛♠s❡② ♣r♦❜❧❡♠ ❝♦♥✈❡r❣❡s ♠♦♥♦t♦♥✐❝❛❧❧② t♦ t❤❡ st❡❛❞②
st❛t❡✳
✶✶
❲❡ t❤❡♥ ❤❛✈❡
max
①∈Π(x0)
ν(①) = max
①∈Π(x0)
νˆ(①) = u
(
f(x)− x
)
.
❋♦r ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ t❤❡ s❡❝♦♥❞ ❘❛✇❧s✐❛♥ ❝r✐t❡r✐♦♥✱ t❛❦❡ ❢♦r ❡①❛♠♣❧❡
t❤❡ s❡q✉❡♥❝❡ χˆ ∈ Π(x0) s✉❝❤ t❤❛t xˆs = x ❢♦r ❛♥② s ≥ 1✳ ❋♦r ❡❛❝❤ δ✱
(1− δ)
∞∑
s=0
δsu
(
f(xˆs)− xˆs+1
)
= (1− δ)u
(
f(x0)− x
)
+ δu
(
f(x)− x
)
.
❙✐♥❝❡ x0>x✱ t❤❡ ❢✉♥❝t✐♦♥ (1− δ)u
(
f(x0)−x
)
+ δu
(
f(x)−x
)
✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣
✐♥ r❡s♣❡❝t t♦ δ✳ ❚❤✐s ✐♠♣❧✐❡s
inf
δ∈(0,1)
[
(1− δ)
∞∑
s=0
δsu
(
f(xˆs)− xˆs+1
)]
= lim
δ→1
[
(1− δ)
∞∑
s=0
δsu
(
f(xˆs)− xˆs+1
)]
= u
(
f(x)− x
)
.
❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡❞✳
◗❊❉
❋♦r t❤❡ ❝❛s❡ x0 ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ t❤❡ ❣♦❧❞❡♥ r✉❧❡✱ t❤❡ s♦❧✉t✐♦♥s ♦❢ t✇♦ ♣r♦❜❧❡♠s
❝♦✐♥❝✐❞❡✳ ❚❤❡ st♦❝❦ r❡♠❛✐♥s ❝♦♥st❛♥t ♦✈❡r t✐♠❡✳ ❋♦r t❤❡ ♦t❤❡r ❝❛s❡✱ ✇❡ ❛r❡ ❡♥s✉r❡❞
t❤❛t ❡✈❡r② s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r t❤❡ ✜rst ❘❛❧✇s ❝r✐t❡r✐♦♥ ✐s s♦❧✉t✐♦♥ ✉♥❞❡r
t❤❡ s❡❝♦♥❞ ♦♥❡✳
❈♦r♦❧❧❛r② ✷✳✶✳ ❋♦r ❛♥② x0 ≥ 0✱
✐✮ ❋♦r 0 ≤ x0 ≤ x✱ t❤❡ t✇♦ ❘❛✇❧s✐❛♥ ♣r♦❜❧❡♠s ❤❛✈❡ t❤❡ s❛♠❡ s♦❧✉t✐♦♥ ①
∗ =
(x0, x0, x0, . . . )✳
✐✐✮ ❋♦r x0>x✱ ❡✈❡r② s♦❧✉t✐♦♥ ✉♥❞❡r t❤❡ ✜rst ❘❛✇❧s✐❛♥ ❝r✐t❡r✐♦♥ ✐s ❛ s♦❧✉t✐♦♥
✉♥❞❡r t❤❡ s❡❝♦♥❞ ♦♥❡✳
Pr♦♦❢✳ (i) ❚❤✐s ♣r♦♣❡rt② ✐s ♣r♦✈❡♥ ✉s✐♥❣ t❤❡ s❛♠❡ t❤❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢
♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✸✳
✶✷
(ii) ❈♦♥s✐❞❡r s♦♠❡ ❢❡❛s✐❜❧❡ ♣❛t❤ ①∗ ✇❤✐❝❤ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r ✜rst
❘❛✇❧s ❝r✐t❡r✐♦♥✳ ❙✐♥❝❡ u
(
f(x∗s) − x
∗
s+1) ≥ u
(
f(x) − x) ❢♦r ❛♥② s ≥ 0✱ ❢♦r ❛♥②
0<δ < 1✱
(1− δ)
∞∑
s=0
δsu
(
f(x∗s)− x
∗
s+1
)
≥ u
(
f(x)− x
)
.
❚❤✐s ✐♠♣❧✐❡s
inf
δ∈(0,1)
[
(1− δ)
∞∑
s=0
δsu
(
f(x∗s)− x
∗
s+1
)]
≥ u
(
f(x)− x
)
= max
①∈Π(x0)
inf
δ∈(0,1)
[
(1− δ)
∞∑
s=0
δsu
(
f(xs)− xs+1
)]
.
❍❡♥❝❡ ①∗ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r s❡❝♦♥❞ ❘❛✇❧s ❝r✐t❡r✐♦♥✳ ◗❊❉
✸ ❉✐s❝✉ss✐♦♥s
✸✳✶ ❘❛✇❧s ❝r✐t❡r✐❛ ❛♥❞ ❛♠❜✐❣✉✐t② ❛✈❡rs✐♦♥
■♥ r❡❝❡♥t ❞❡❝❛❞❡s✱ ❛ ❧❛r❣❡ ❜♦❞② ♦❢ ❧✐t❡r❛t✉r❡ ❤❛s r✐s❡♥ ✐♥ ❞❡❝✐s✐♦♥ t❤❡♦r②✱ ❡♥❧❛r❣✐♥❣
t❤❡ ✇♦r❧❞ ♦❢ ❙❛✈❛❣❡ ❬✶✽❪✱ ✇❤❡r❡ t❤❡ ❢❛♠♦✉s s✉r❡✲t❤✐♥❣ ♣r✐♥❝♣❧❡ ✐s ♥♦t s❛t✐s✜❡❞✳ ❚❤❡
s❡♠✐♥❛r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ●✐❧❜♦❛ ❛♥❞ ❙❝❤♠❡✐❞❧❡r ❬✶✶❪ ❝♦♥s✐❞❡rs t❤❡ ❜❡❤❛✈✐♦✉r ✉♥❞❡r
✇❤✐❝❤ t❤❡ ❡❝♦♥♦♠✐❝ ❛❣❡♥t ♠❛①✐♠✐③❡s t❤❡ ✇♦rst s❝❡♥❛r✐♦✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ♠❛❦❡
❛ ❧✐♥❦ t♦ t❤❡ ❘❛✇❧s✐❛♥ ❝r✐t❡r✐❛✳ ❆ss✉♠❡ t❤❛t t❤❡ ❡❝♦♥♦♠✐❝ ❛❣❡♥t ♠✉st ❝❤♦♦s❡ ❛
t✐♠❡ ❞✐s❝♦✉♥t✐♥❣ s②st❡♠ t♦ ❡✈❛❧✉❛t❡ t❤❡ ✐♥t❡r✲t❡♠♣♦r❛❧ ❝♦♥s✉♠♣t✐♦♥ str❡❛♠s✳ ❚❤❡
s❡t ♦❢ ♣♦ss✐❜❧❡ t✐♠❡ ❞✐s❝♦✉♥t✐♥❣ ✐s ∆ = (π0, π1, π2, . . . ) s✉❝❤ t❤❛t πs> 0 ❢♦r ❛♥② s
❛♥❞
∑∞
s=0 πs = 1✳ ❇❡❤✐♥❞ t❤❡ ✈❡✐❧ ♦❢ ✐❣♥♦r❛♥❝❡✱ ❡✈❡r② t✐♠❡ ❞✐s❝♦✉♥t✐♥❣ s②st❡♠ ✐s
♣♦ss✐❜❧❡✳ ❍❡♥❝❡✱ t❤❡ ❝r✐t❡r✐♦♥ ✉♥❞❡r ❛♠❜✐❣✉✐t② ❛✈❡rs✐♦♥ ✐s
U(c0, c1, c2, . . . ) = inf
π∈∆
[
∞∑
s=0
πsu(cs)
]
= inf
s≥0
u(cs),
✶✸
✇❤✐❝❤ ✐s t❤❡ ✜rst ❘❛❧✇s ❝r✐t❡r✐♦♥✳
◆♦✇ ❛ss✉♠❡ t❤❛t t❤❡ ❡❝♦♥♦♠✐❝ ❛❣❡♥t ✐s ❥✉st ❛♠❜✐❣✉♦✉s ❛❜♦✉t t❤❡ s❡t ♦❢ t✐♠❡
❞✐s❝♦✉♥t✐♥❣ s②st❡♠s s❛t✐s❢②✐♥❣ t❤❡ ✉s✉❛❧ ♣r♦♣❡rt✐❡s ❛s ✐♠♣❛t✐❡♥❝❡✱ ❛♥❞ st❛❜✐❧✐t②✳
▲❡t D ❜❡ t❤❛t s❡t✳ ■♥ ❈❤❛♠❜❡rs ❛♥❞ ❊❝❤❡♥✐q✉❡ ❬✺❪✱ ✇❡ ❢♦✉♥❞ t❤❛t✿
D= {π ∈ ∆ s✉❝❤ t❤❛t ∃δ ∈ (0, 1) : πs = (1− δ)δ
s ❢♦r ❛❧❧ s ≥ 0} .
❚❤❡ ❝r✐t❡r✐♦♥ ✐s t❤❡♥ t❤❡ s❡❝♦♥❞ ❘❛✇❧s✐❛♥ ♦♥❡✳
✸✳✷ ❉✐s✉ss✐♦♥ ❛❜♦✉t s♦♠❡ ❝r✐t❡r✐❛
❚❤❡ ❘❛♠s❡② ❝r✐t❡r✐♦♥ ✐s ❝r✐t✐❝✐③❡❞ ❛❜♦✉t ♣✉tt✐♥❣ ♣r✐✈✐❧❡❣❡s ❢♦r t❤❡ ❣❡♥❡r❛t✐♦♥s ✐♥
♣r❡s❡♥t ❛♥❞ ❝❧♦s❡ ❢✉t✉r❡✳ ■♥ ❛♥♦t❤❡r ✇❛②✱ ♦t❤❡r ❝r✐t❡r✐❛✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ lim inf
t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♦♥❧② t❤❡ ❞✐st❛♥t ❢✉t✉r❡✳ ❆s ❛ ✇❛② t♦ r❡❝♦♥❝✐❧❡ t❤❡s❡ t♦ ❡①tr❡♠❡s✱
❈❤✐❝❤✐❧♥✐s❦② ✐♥ ❬✻❪✱ ❬✼❪ ♣r♦♣♦s❡s ❛ ❝r✐t❡r✐♦♥ s❛t✐s❢②✐♥❣ ❤❡r ◆♦✲❞✐❝t❛t♦rs❤✐♣ ♦❢ ♣r❡s❡♥t
❛♥❞ ♦❢ ❢✉t✉r❡✳ ❍❡r ❝r✐t❡r✐♦♥ ✐s ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛ ❘❛♠s❡② ♣❛rt ❛♥❞ ❛
lim inf ♣❛rt✻✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ t❤❡ ♣❛t❤ ♦♣t✐♠✐③✐♥❣ t❤❡ ❘❛♠s❡② ♣❛rt ❝♦♥✈❡r❣❡s
t♦ 1
β
✱ ♦t❤❡r✇✐s❡ t❤❡ ♣❛t❤ ♦♣t✐♠✐③✐♥❣ t❤❡ lim inf ♣❛rt ❝♦♥✈❡r❣❡s t♦ t❤❡ ❣♦❧❞❡♥ r✉❧❡✱
t❤❡ ❝❛♣✐t❛❧ ❧❡✈❡❧ t❤❛t ♠❛①✐♠✐③❡s f(x)−x✱ s♦❧✉t✐♦♥ ✉♥❞❡r ♥♦♥✲❞✐❝t❛t♦rs❤✐♣ ❝r✐t❡r✐❛
♠❛② ♥♦t ❡①✐sts✳ ■t ✐s ❛❧✇❛②s ❞✐✣❝✉❧t t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡
❡✣❝✐❡♥❝② ❛♥❞ t❤❡ ❡q✉❛❧✐t②✳
❆s ❛ r❡s♣♦♥s❡ ❢♦r t❤✐s ❝❤❛❧❧❡♥❣❡✱ ❆❧✈❛r❡③✲❈✉❛❞r❛❞♦ ❛♥❞ ❱❛♥ ▲♦♥❣ ❬✶❪ ❝♦♥s✐❞❡r t❤❡
❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ❜❡t✇❡❡♥ ❛ ❘❛♠s❡② ♣❛rt ❛♥❞ ❛ ❘❛✇❧s✐❛♥ ♣❛rt✱ ✐♥ t❤❡ ❝♦♥t✐♥✲
✉♦✉s t✐♠❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡② ❣✐✈❡ ❛ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡
❡❝♦♥♦♠② ✼✳ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ✐s ❞✉❡ t♦ ❆s❤❡✐♠ ❛♥❞ ❊❦❡❧❛♥❞ ❬✸❪✱ ✇❤♦ ❝♦♥s✐❞❡r
t❤❡ ❧✐♥❡❛r ♠❛r❦♦✈✐❛♥ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r ❈❤✐❝❤✐❧♥✐s❦②✬s ❝r✐t❡r✐♦♥✱ ❛♥❞
❝♦♥❝❧✉❞❡ t❤❛t t❤❡ lim inf ♣❛rt ❤❛s ♥♦ ❡✛❡❝t ♦♥ t❤❡ ♦♣t✐♠❛❧ ❝❤♦✐❝❡✳
❚❤❡ ♦✈❡rt❛❦✐♥❣ ❝r✐t❡r✐♦♥ ♦❢ ●❛❧❡ s❛t✐s✜❡s t❤❡ t✇♦ ♥♦♥✲❞✐❝t❛t♦rs❤✐♣ ♣r♦♣❡rt✐❡s ♦❢
❈❤✐❝❤✐❧♥✐s❦②✱ ❜✉t t❤✐s ❝r✐t❡r✐♦♥ ✐s ♥♦t ❝♦♠♣❧❡t❡✳ ■❢ ✇❡ ❢♦❝✉s ♦♥❧② ♦♥ t❤❡ ❣♦♦❞
✻❋♦r ❛ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t ❈❤✐❝❤✐❧♥✐s❦②✬s ❝r✐t❡r✐♦♥✱ s❡❡ ❆❧✈❛r❡③✲❈✉❛❞r❛❞♦ ❛♥❞ ❱❛♥ ▲♦♥❣ ❬✶❪✳
✼❆♥ ❛♥❛❧②s✐s ❢♦r t❤❡ ❞✐s❝r❡t❡ t✐♠❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❍❛✲❍✉② ❛♥❞ ◆❣✉②❡♥ ❬✶✷❪✳
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♣r♦❣r❛♠s✱ t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ ♣❛t❤s ✇❤✐❝❤ ❞✐✛❡r ♥♦t t♦♦ ♠✉❝❤ ❢r♦♠ t❤❡ ❣♦❧❞❡♥ r✉❧❡✱
❛s ✐♥ ❉❛♥❛ ❛♥❞ ▲❡ ❱❛♥ ❬✽❪✱ t❤❡ ♦♣t✐♠❛❧ ♣❛t❤ ❝♦♥✈❡r❣❡s t♦ t❤❡ ❣♦❧❞❡♥ r✉❧❡✳ ❆s
❛♥ ❛tt❡♠♣t t♦ ❛✈♦✐❞ t❤❡ ♥♦♥✲❝♦♠♣❧❡t❡♥❡ss ♣r♦❜❧❡♠✱ ▲❡ ❱❛♥ ❛♥❞ ▼♦r❤❛✐♠ ❬✶✹❪
❝♦♥s✐❞❡r t❤❡ ❘❛♠s❡② ♣r♦❜❧❡♠ ❛♥❞ st✉❞② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♦❧✉t✐♦♥ ✇❤❡♥ t❤❡
❞✐s❝♦✉♥t r❛t❡ ❝♦♥✈❡r❣❡s t♦ 1✳ ❚❤❡② ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ❝♦♥✈❡r❣❡
t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✉♥❞❡r ●❛❧❡✬s ❝r✐t❡r✐♦♥✳
✸✳✸ ❚❡❝❤♥✐❝❛❧ ❝♦♥❝❡r♥s
❚❤❡ r❡s✉❧t ❢♦r t❤❡ ✜rst ❘❛✇❧s✐❛♥ ❝r✐t❡r✐♦♥ ✐s ❜❛s❡❞ ♦♥❧② ♦♥ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ t❤❡
❢✉♥❝t✐♦♥ f ✱ ❛♥❞ ❞♦❡s ❛♥❞ ✇❡ ❝❛♥ ♦❜t❛✐♥ ▲❡♠♠❛ ✷✳✶ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✶ ✇✐t❤♦✉t
✐♠♣♦s✐♥❣ ❝♦♥❝❛✈✐t② ♦♥ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ u✳ ❍♦✇❡✈❡r✱ ✐♥ ♦r❞❡r t♦ ❛♣♣❧② r❡s✉❧ts
✐♥ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❧✐t❡r❛t✉r❡✱ ❢♦r s♦❧✈✐♥❣ t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r t❤❡ s❡❝♦♥❞
❘❛✇❧s✐❛♥ ❝r✐t❡r✐♦♥✱ ✇❡ ♠✉st ❛ss✉♠❡ t❤❡ ❝♦♥❝❛✈✐t② ♣r♦♣❡rt② ❢♦r ✉t✐❧✐t② ❢✉♥❝t✐♦♥✳
❆♥❞✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ f ′(∞) ≥ 1✳ ❯♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥✱ x =∞✳ ❋♦r t❤❡
t✇♦ ❘❛✇❧s✐❛♥ ❝r✐t❡r✐❛✱ t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ✐s t♦ r❡♠❛✐♥ ❝♦♥st❛♥t✳ ❚❤❡ ♦♥❧② r❡♠❛r❦
✐s t❤❛t✱ s✐♥❝❡ t❤❡ ❢❡❛s✐❜❧❡ ♣❛t❤s ❝♦✉❧❞ ❜❡ ✉♥❜♦✉♥❞❡❞✱ ✇❡ ♠✉st ❛ss✉♠❡ ❝♦♥❞✐t✐♦♥s
❡♥s✉r✐♥❣ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ ✐ts ❝♦♥t✐♥✉✐t②✳ ❋♦r t❤❡ ❞❡t❛✐❧s✱
❝✉r✐♦✉s r❡❛❞❡rs ❝❛♥ r❡❢❡r t♦ t❤❡ ❛rt✐❝❧❡ ♦❢ ▲❡ ❱❛♥ ❛♥❞ ▼♦r❤❛✐♠ ❬✶✸❪✱ ✇✐t❤ t❤❡ ♠♦st
✐♠♣♦rt❛♥t ❝♦♥❞✐t✐♦♥ ❜❡✐♥❣ t❛✐❧ ✐♥s❡♥s✐t✐✈✐t② ♣r♦♣❡rt②✳
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